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SOBOLEV EMBEDDING PROPERTIES ON COMPACT MATRIX QUANTUM
GROUPS OF KAC TYPE
SANG-GYUN YOUN
ABSTRACT. We establish sharp Sobolev embedding properties within a broad class of
compact matrix quantum groups of Kac type under the polynomial growth or the rapid
decay property of their duals. Main examples are duals of polynomially growing discrete
quantum groups, duals of free groups and free quantum groups O`
N
, S
`
N
. In addition,
we generalize sharpend Hausdorff-Young inequalities, compute degrees of the rapid decay
property for
y
O
`
N
,
y
S
`
N
and prove sharpness of Hardy-Littlewood inequalities on duals of
free groups.
1. INTRODUCTION
It is a long tradition to study Fourier multipliers in harmonic analysis, and Lp´Lq mul-
tipliers have played major roles in the theory of partial differential equations. A represen-
tative example is the Sobolev embedding property. More precisely, the Hardy-Littlewood-
Sobolev theorem on tori states that
(1.1)
›››p1´∆q´ d2 p 1p´ 1q qpfq›››
LqpTdq
À }f}LppTdq
for all 1 ă p ă q ă 8 and f P LppTdq, where∆ is the Laplacian operator.
Sobolev embedding properties have been explored in a broad class including Lie groups
[Fol75, FR17, Var88, BPTV18], and more generally, Lp ´ Lq multipliers on Lie groups
have been extensively studied [CGM93, AR15, ANR15, ANR16]. In particular, for con-
nected compact Lie groupsG, it is known that for any 1 ă p ď 2
(1.2)¨˝ ÿ
πPIrrpGq
nπ
p1` κπqnp 1p´ 12 q
››› pfpπq›››2
HS
‚˛12 “ ›››p1´∆q´ n2 p 1p´ 12 qpfq›››
L2pGq
À }f}LppGq ,
where n is the real dimension of G, ∆ : πi,j ÞÑ ´κππi,j is the Laplacian operator and
}A}HS “ trpA˚Aq
1
2 . Since the natural length function | ¨ | on IrrpGq satisfies |π| « κ 12π
[Wal73, Lemma 5.6.6], the above (1.2) is equivalent to
(1.3)
¨˝ ÿ
πPIrrpGq
nπ
p1 ` |π|qnp 2p´1q
››› pfpπq›››2
HS
‚˛12 À }f}LppGq .
Note that (1.3) detects the real dimension of G, which is an important geometric quan-
tity. The main purpose of this study is to generalize (1.3) to the framework of compact
quantum groups by employing geometric information of the underlying quantum group
such as growth rates and the rapid decay property. Indeed, for highly important exam-
ples, we will show that the polynomial growth order or the degree of rapid decay property
replaces the role of the real dimension n.
Key words and phrases. Compact matrix quantum group, non-commutative Lp-space, Sobolev embedding
property, ultracontractivity.
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The theory needed to explore Sobolev embedding properties for compact quantumgroups
is so-called non-commutative Lp-analysis. On quantum groups and quantum tori, Lp ´
Lq multipliers have been studied from various perspectives [JPPP17, GPJP17, FHL`17,
AMR18, XXY18]. In particular, due to [AMR18, Theorem4.3] which generalizes a theo-
rem of H:ormander, if G is a compact matrix quantum group of Kac type whose dual pG has
a polynomial growth
(1.4) bk “
ÿ
αPIrrpGq:|α|ďk
n2α ď Cp1` kqγ
for some C, γ ą 0, then for any 1 ă p ď 2 we have
(1.5)
¨˝ ÿ
αPIrrpGq
nα
p1` |α|qγp 2p´1q
››› pfpαq›››2
HS
‚˛12 À }f}LppGq ,
where | ¨ | is the natural length function on IrrpGq. To our best knowledge, if we exclude
compact Lie groups and duals of polynomially growing discrete groups, it is not known
whether the above inequalities (1.5) are sharp. However, we will show that (1.5) is sharp if
one of the following natural assumptions holds:
(1) (Corollary 3.4) if bk « p1 ` kqγ and there exists a standard noncommutative
semigroup pTtqtą0 on L8pGq whose infinitesimal generator L satisfies
(1.6) Lpuαi,jq “ ´lpαquαi,j with lpαq „ |α|.
(2) (Corollary 3.6) if bk À p1` kqγ and sk “
ÿ
α:|α|“k
n2α Á p1` kqγ´1.
The above results establish sharp Sobolev embedding properties for connected compact
Lie groups, duals of polynomially growing discrete groups,O`2 and S
`
4 .
Despite the above strong conclusion under the polynomial growth of pG, it is important to
focus on duals of free groups xFN and free quantum groupsO`N , S`N whose duals are expo-
nentially growing. Arguably, these are the most important examples of compact quantum
groups in view of operator algebras [Wan95, VDW96, Wan98, Voi11, Bra12, VV13, Iso15,
FV16, BCV17, Iso17, BV18], and non-commutativeLp-analysis on xFN , O`N , S`N has been
extensively studied [JMP14b, MR17, MdlS17, JPPP17,Wan17, FHL`17, You18b, You18a].
From this viewpoint, one of the main aims of this paper is to establish the analogues of (1.5)
for xFN , O`N , S`N sharply.
To settle this, we will take two strategies. First of all, we extend [You18a, Theorem
3.2] to genral compact matrix quantum groups whose duals have the rapid decay property
(Theorem 4.1). We call it sharpened Hausdorff-Young inequalities and explain why such
a phenomenon does not appear in the category of compact Lie groups, duals of discrete
groups,O`2 and SUqp2q (Section 4.1). Then, by applying the complex interpolationmethod
between the sharpened Hausdorff-Young inequalities (Theorem 4.1) and Hardy-Littlewood
inequalities [You18b, Theorem 3.8], for any 1 ă p ď 2 we obtain
(1.7)
¨˝ ÿ
αPIrrpGq
1
p1` |α|q3p 2p´1q
nα
››› pfpαq›››2
HS
‚˛12 À }f}LppGq
under the assumption that G is one of xFN , O`N`1 and S`N`3 with N ě 2.
Secondly, the problem to check whether the exponent 3 in (1.7) is optimal amounts
to ultracontractivity problems of certain semigroups associated with free groups or free
quantum groups due to [Xio17, Theorem 1.1]. More precisely, for the Poisson or heat
semigroup pTtqtą0 of G “ xFN , O`N`1 or S`N`3, we will prove that there exists a universal
constantK ą 0 such that
(1.8)
››e´tTtpfq››L8pGq ď K }f}L2pGqt d2 for all f P L1pGq and t ą 0
2
if and only if d ě 3 (Corollary 6.2). This confirms that (1.7) is sharp for xFN , O`N`1 and
S`N`3 with N ě 2.
Lastly, we note that this study is applicable
(1) (Corollary 5.4) to calculate the rapid decay degrees ofyO`N and xS`N and
(2) (Corollary 6.3) to prove sharpness of Hardy-Littlewood inequalities on xFN pre-
sented in [You18b, Theorem 4.4].
2. PRELIMINARIES
2.1. Compact quantum groups and the representation theory. A compact quantum
group G is a pair pCpGq,∆q where CpGq is a unital C˚-algebra and ∆ : CpGq Ñ
CpGq bmin CpGq is a unital ˚-homomorphism such that
(1) p∆b idq ˝∆ “ pidb∆q ˝∆.
(2) span t∆paqpb b 1q : a, b P CpGqu and span t∆paqp1 b bq : a, b P CpGqu are dense
in CpGq bmin CpGq.
For a compact quantum group G, there exists a unique state h satisfying
(2.1) pidb hq ˝∆ “ hp¨q1 “ phb idq ˝∆.
We call h the Haar state and G is said to be of Kac type if h is tracial.
A (finite dimensional) unitary representation of G is u “ pui,jqnui,j“1 P Mnu b CpGq
such that
(2.2) u˚u “ Idnu b 1 “ uu˚ and ∆pui,jq “
nuÿ
k“1
ui,k b uk,j for all 1 ď i, j ď nu.
We say that a unitary representation u is irreducible if
(2.3) tT PMnu : pT b 1qu “ upT b 1qu “ C ¨ Idnu
and denote by IrrpGq –  uα “ puαi,jq1ďi,jďnα(αPIrrpGq the set of irreducible unitary rep-
resentations up to unitary equivalence. Then the space of polynomials
(2.4) PolpGq “ span uαi,j : α P IrrpGq and1 ď i, j ď nα(
is a dense ˚-subalgebra of CpGq and the Haar state h is faithful on PolpGq.
Associated to a compact quantum group G is the discrete dual quantum group pG “
pℓ8ppGq, p∆,phq. Among the structures of pG, the underlying von Neumann algebra ℓ8ppGq is
ℓ8´‘αPIrrpGqMnα and, ifG is of Kac type, ph is a normal semifinite faithful tracial weight
on ℓ8ppGq given by
(2.5) phpAq “ ÿ
αPIrrpGq
nαtrpAαq for all A “ pAαqαPIrrpGq P ℓ8ppGq`.
See [Wor87b, Wor87a, KV00, KV03, Tim08] for more details of locally compact quan-
tum groups.
2.2. Non-commutativeLp-spaces. Throughout this paper, we assume thatG is a compact
quantum group of Kac type. Since h is faithful on PolpGq, the space PolpGq is canonically
embedded into BpL2pGqq where L2pGq is the completion of PolpGq with respect to the
inner product xf, gyL2pGq “ hpg˚fq for all f, g P PolpGq.
We define an associated von Neumann algebra L8pGq “ PolpGq2 in BpL2pGqq, and
then the Haar state h extends to a normal faithful tracial state h on L8pGq.
For any 1 ď p ă 8, the non-commutative Lp-space is defined as the completion of
PolpGq with respect to the norm structure }f}LppGq “ hp|f |pq
1
p for any f P PolpGq.
Then it is well known that pL8pGq, L1pGqq 1
p
“ LppGq where p¨, ¨qθ is the complex in-
terpolation space and that Lp
1pGq “ LppGq˚ for any 1 ď p ă 8 under the dual bracket
xf, gyLppGq,Lp1pGq “ hpgfq for all f, g P PolpGq.
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On the dual side, for any 1 ď p ă 8, the non-commutative ℓp-space is defined as
(2.6) ℓpppGq “
$&%A P ℓ8ppGq : ÿ
αPIrrpGq
nαtrp|Aα|pq ă 8
,.-
and the natural norm structure is }A}
ℓpppGq “
¨˝ ÿ
αPIrrpGq
nαtrp|Aα|pq‚˛
1
p
for all A P ℓpppGq.
Then pℓ8ppGq, ℓ1ppGqq 1
p
“ ℓppGq and ℓp1ppGq “ ℓpppGq˚ hold for any 1 ď p ă 8. The dual
bracket between ℓpppGq and ℓp1ppGq is given by
(2.7) xA,By
ℓpppGq,ℓp1 ppGq “ ÿ
αPIrrpGq
nαtrpBαAαq.
For the general theory of non-commutativeLp-spaces, see [PX03, Pis03].
2.3. Compact matrix quantum groups and the rapid decay property. The tensor prod-
uct representation of two unitary representations u and v is
(2.8) u J v “ pui,jvk,lq1ďi,jďnu,1ďk,lďnv PMnu bMnv b CpGq
and every unitary representation is decomposed into a direct sum of irreducible unitary
representations. If σ is an irreducible component of u J v, we write σ Ď u J v.
A compact matrix quantum group is a compact quantum groupG for which there exists
a unitary representationw such that every uα P IrrpGq is an irreducible component ofw J n
for some n P t0u Y N. In this case, we can define a natural length function on IrrpGq by
(2.9) |α| “ min
!
n P t0u Y N : uα Ď w J n
)
for all α P IrrpGq.
Throughout this paper, we will use the following notations frequently.
Notation 1. Let G be a compact matrix quantum group and k P t0u Y N.
(1) k-balls are defined as Bk “ tα P IrrpGq : |α| ď ku and bk is defined by
ÿ
αPBk
n2α.
(2) k-spheres Sk are defined as tα P IrrpGq : |α| “ ku and sk is defined by
ÿ
αPSk
n2α.
(3) For each α P IrrpGq, we define Hα “ span
 
uαi,j : 1 ď i, j ď nα
(
and denote by
pα the orthogonal projection from L
2pGq ontoHα.
(4) We define Hk “ ‘αPSkHα “ span
 
uαi,j : |α| “ k, 1 ď i, j ď nα
(
and pk the
orthogonal projection from L2pGq ontoHk.
We say that pG has a polynomial growth if there existsC, γ ą 0 such that bk ď Cp1`kqγ
[BV09] and norm structures ofHα andHk are inherited from L
2pGq.
In the sense of [Ver07], for a compact matrix quantum group G, we say that its discrete
dual pG has the rapid decay property if there exists C, β ą 0 such that
(2.10) }f}L8pGq ď Cp1` kqβ }f}L2pGq for all f P Hk.
Notation 2. We say that the discrete dual pG of a compact matrix quantum groupG has the
rapid decay property with rk À p1` kqβ if the above inequality (2.10) holds.
2.4. Fourier analysis on compact quantum groups. Within the framework of compact
quantum groups, the Fourier transform F : L1pGq Ñ ℓ8ppGq, φ ÞÑ pφ “ ppφpαqqαPIrrpGq, is
defined by
(2.11) pφpαqi,j “ φppuαj,iq˚q for all 1 ď i, j ď nα
under the identification L1pGq “ L8pGq˚.
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If G is of Kac type, we call
ÿ
αPIrrpGq
nαtrppφpαquαq “ ÿ
αPIrrpGq
nαÿ
i,j“1
nαpφpαqi,juαj,i the
Fourier series of φ P L1pGq and denote it by φ „
ÿ
αPIrrpGq
nαtrppφpαquαq. Indeed, equality
f “
ÿ
αPIrrpGq
nαtrp pfpαquαq holds for all f P PolpGq since pfpαq “ 0 for all but finitely
many α.
It is known that the Fourier transform F : L1pGq Ñ ℓ8ppGq is contractive, and the
Plancherl theorem states that
(2.12) }f}L2pGq “
¨˝ ÿ
αPIrrpGq
nαtrp pfpαq˚ pfpαqq‚˛
1
2
for all f P L2pGq.
Therefore, by the complex interpolation theorem, we obtain the Hausdorff-Young in-
equalities
(2.13)
››› pf›››
ℓp
1 ppGq ď }f}LppGq for all f P LppGq and 1 ď p ď 2.
2.5. Complex interpolation on vector valued ℓp-spaces. In this section, we gather some
well-known facts on complex interpolation methods extracted from [Xu96, Section 1]. For
a family of Banach spaces tEkukPZ with a positive measure µ on Zwe define vector valued
ℓp-spaces by
(2.14)
ℓpptEkukPZ , µq “
!
pxkqkPZ : xk P Ek for all k P Z and
`}xk}Ek˘kPZ P ℓppZ, µq)
and the natural norm structure is
(2.15) }pxkqkPZ}ℓpptEkukPZ,µq “
$&%
`ř
kPZ }xk}pEk µpkq
˘ 1
p if 1 ď p ă 8
supkPZ
 }xk}Ek( if p “ 8 .
If pEk, Fkq is a compatible pair of Banach spaces for all k P Z and µ0, µ1 are two
positive measures on Z, then for any 0 ă θ ă 1 we have
(2.16) pℓp0ptEkukPZ , µ0q, ℓp1ptFkukPZ , µ1qqθ “ ℓpptpEk, FkqθukPZ , µq
with equal norm, where
1´ θ
p0
` θ
p1
“ 1
p
and µ “ µ
pp1´θq
p0
0 µ
pθ
p1
1 . In particular, for p0 “ 2 “
p1 and any 0 ă θ ă 1, we have
(2.17)
`
ℓ2ptEkukPZ , µ0q, ℓ2ptEkukPZ , µ1q
˘
θ
“ ℓ2ptEkukPZ , µ1´θ0 µθ1q.
2.6. Examples of compact matrix quantum groups.
2.6.1. Duals of discrete groups. Let Γ be a discrete group and C˚r pΓq be the associated
reduced group C˚-algebra generated by left translation operators tλgugPΓ. The unital ˚-
homomorphism∆ : C˚r pGq Ñ C˚r pΓq bmin C˚r pΓq, λg ÞÑ λg b λg , determines a compact
quantum group pΓ “ pC˚r pΓq,∆q which we call the dual of the discrete group Γ. Then
IrrppΓq “ tλgugPΓ and the Haar state is the vacuum state determined by h : λg ÞÑ δg,e. The
associated von Neumann algebra L8ppΓq is the group von Neumann algebra V NpΓq and
L1ppΓq “ ApΓq is called the Fourier algebra of Γ.
Moreover, if S “ tgjunj“1 Ă Γ is a generating set, then w “
nÿ
j“1
ej,j b λgj P Mn b
C˚r pΓq makes pΓ into a compact matrix quantum group and Γ is said to be of polynomial
growth if bk À p1 ` kqγ for some γ with respect to w. Moreover, if Γ has a polynomial
growth, there exists a non-negative integer γ P t0u Y N such that bk « p1 ` kqγ . We call
the non-negative integer γ the polynomial growth order of Γ.
5
If Γ is a non-elementary hyperbolic group, it is known that Γ p“ ppΓq has the rapid decay
property with rk À 1` k [Haa79, dlH88].
2.6.2. Free orthogonal quantum groups and free permutation quantum groups. LetN ě 2
and CpO`N q be the universal unital C˚-algebra generated by tui,juNi,j“1 satisfying
(2.18) u˚i,j “ ui,j and
Nÿ
k“1
uk,iuk,j “ δi,j “
Nÿ
k“1
ui,kuj,k for all 1 ď i, j ď N.
Then ∆ : ui,j ÞÑ
Nÿ
k“1
ui,k b uk,j extends to a unital ˚-homomorphism and O`N “
pCpO`N q,∆q with u “ pui,jqNi,j“1 satisfies the axioms to be a compact matrix quantum
group. We call O`N free orthogonal quantum groups [Wan95].
On the other hand, we denote by CpS`N q the universal unital C˚-algebra generated by
tui,juNi,j“1 satisfying
(2.19) u2i,j “ ui,j “ u˚i,j and
Nÿ
k“1
ui,k “ 1 “
Nÿ
k“1
uk,j for all 1 ď i, j ď N.
Then∆ : ui,j ÞÑ
Nÿ
k“1
ui,kbuk,j again extends to a unital ˚-homomorphismand pCpS`N q,∆q
with u “ pui,jqNi,j“1 forms a compact matrix quantum group, which we call free permuta-
tion quantum groups S`N [Wan98].
Let G be either O`N or S
`
N`2. Then IrrpGq “ t0u Y N,
$&% nk « p
N`?N2´4
2
qk
rk À 1` k
if
N ě 3 and
$&% sk “ p1` kq2bk « p1 ` kq3 if N “ 2 [Ver07, BV09].
2.7. Standard noncommutative semigroup and examples. Let G be a compact quan-
tum group of Kac type. We say that a semigroup pTtqtą0 is a standard noncommutative
semigroup on L8pGq if pTtqtą0 satisfies the following assumptions [JM12, JW17]:
(1) Every Tt is a normal unital completely positive maps on L
8pGq;
(2) For any t ą 0 and f, g P L8pGq, hpTtpfqgq “ hpfTtpgqq;
(3) For any f P L8pGq lim
tÑ0`
Ttpfq “ f in the strong operator topology.
Note that the first two conditions imply hpTtpfqq “ hpfq for any f P L8pGq and that
such a semigroup admits an infinitesimal generator L such that Tt “ etL.
Example 1. (1) For any connected compact Lie groups, there exists the Poisson semi-
group pTtqtą0 “ e´tp´∆q
1
2 on L8pGq where∆ is the Laplacian operator [Ste70].
(2) For duals of non-abelian free groups, there exists the Poisson semigroup pTFt qtą0
on V NpFN q such that λg ÞÑ e´t|g|λg [Haa79, JMP14a, MdlS17].
(3) For free orthogonal (resp. permutation) quantum groups O`N (resp. S
`
N`2) with
N ě 2, there exists the heat semigroup pTOt qtą0 (resp. T St ) on L8pO`N q (resp.
L8pS`N`2q) such that uki,j ÞÑ e´tckuki,j with ck „
$&% k if N ě 3k2 if N “ 2 [FHL`17,
Lemma 1.7, Lemma 1.8 and Subsection 2.2].
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3. SHARPNESS OF SOBOLEV EMBEDDING PROPERTIES FOR POLYNOMIALLY
GROWING DISCRETE QUANTUM GROUPS
Recall that, if G is a compact matrix quantum group of Kac type whose dual has the
polynomial growth bk À p1` kqγ , then for any 1 ă p ď 2 we have
(3.1)
¨˝ ÿ
αPIrrpGq
nα
p1` |α|qγp 2p´1q
››› pfpαq›››2
HS
‚˛12 À }f}LppGq for all f P LppGq.
In this section, we will provide two sufficient conditions to prove sharpness of (3.1). One
strategy requires the existence of a standard noncommutative semigroup pTtqtą0 whose
infinitesimal generator L satisfies
(3.2) Lpuαi,jq “ ´lpαquαi,j with lpαq „ |α|.
and the other one depends on lower bounds of the growth of k-sphere sk. These two strate-
gies explain how we are able to obtain sharp Sobolev embedding properties for connected
compact Lie groups and duals of polynomially growing discrete groups as already noted in
[You18b, You18c]. Furthermore, these methods also apply to the free orthogonal quantum
groupO`2 and the free permutation quantum group S
`
4 .
3.1. An approach using semigroups. The purpose of this section is to extend some im-
portant techniques of [You18b, Section 6] to general compact matrix quantum groups of
Kac type. Discussions in this section depend on the existence of a standard noncommuta-
tive semigroup whose infinitesimal generator behaves like the Poisson semigroup of con-
nected compact Lie groupsG.
Throughout this Section, let us suppose that there exists a standard semigroup pTtqtą0
whose infinitesimal generator L satisfies
(3.3) Lpuαi,jq “ ´lpαquαi,j and lpαq „ |α| for all α P IrrpGq.
Indeed, if pPtqtą0 is the Poisson semigroup of a connected compact Lie group G, then
the associated infinitesimal generator satisfies
(3.4) Lpuπi,jq “ ´κ
1
2
πu
π
i,j and κ
1
2
π „ |π| for all π P IrrpGq.
The following is a part of [Xio17, Theorem 1.1], which is written in accordance with
our notation.
Theorem 3.1 (Theorem 1.1, [Xio17]). LetG be a compact quantum group of Kac type and
pTtqtą0 be a standard semigroup on L8pGq with the infinitesimal generator L. Then, for
the semigroup pStqtą0 “ pe´tTtqtą0 and s ą 0, the following are equivalent:
(1) For any 1 ď p ă q ď 8,
}Stpxq}LqpGq À
}x}LppGq
tsp
1
p
´ 1
q
q for all x P L
ppGq and t ą 0.
(2) There exists 1 ď p ă q ď 8 such that
}Stpxq}LqpGq À
}x}LppGq
tsp
1
p
´ 1
q
q for all x P L
ppGq and t ą 0.
(3) For any 1 ă p ă q ă 8,›››p1´ Lq´sp 1p´ 1q qpxq›››
LqpGq
À }x}LppGq for all x P LppGq.
(4) There exists 1 ă p ă q ă 8 such that›››p1´ Lq´sp 1p´ 1q qpxq›››
LqpGq
À }x}LppGq for all x P LppGq.
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Using the above Theorem, we will find the optimal s ą 0 which validates the above
four equivalent statements of Theorem 3.1. Indeed, by the following Theorem 3.2, we can
find out that the optimal exponent s is equal to the polynomial growth order γ under the
assumption bk « p1` kqγ .
Recall that a compact quantum group G is called co-amenable if there exists a con-
tractive approximate identity peiqi in the convolution algebra L1pGq. Such a family peiqi
satisfies lim
i
peipαq “ Idnα for each α P IrrpGq. It is known that every dual of a polynomi-
ally growing discrete quantum group is co-amenable [BV09, Proposition 2.1].
Theorem 3.2. Let G be a general compact quantum group of Kac type and w : IrrpGq Ñ
p0,8q be a positive function.
(1) If Cw “
ÿ
αPIrrpGq
e´2wpαqn2α ă 8, then
(3.5)
››››››
ÿ
αPIrrpGq
e´wpαqpαpfq
››››››
L8pGq
ď
a
Cw }f}L2pGq for all f P L2pGq.
(2) Conversely, if we assume that G is co-amenable and
(3.6)
››››››
ÿ
αPIrrpGq
e´2wpαqpαpfq
››››››
L8pGq
ď C }f}L1pGq for all f P L1pGq,
then we have
ÿ
αPIrrpGq
e´2wpαqn2α ď C.
Proof. (1) For a given f “
ÿ
αPIrrpGq
pαpfq P L2pGq, we have
}pαpfq}L8pGq ď nαtrp
ˇˇˇ pfpαqˇˇˇq ď n 32α ››› pfpαq›››
S2nα
“ nα }pαpfq}L2pGq(3.7)
by the Hausdorff-Young inequality and the H:older inequality, and hence
(3.8)››››››
ÿ
αPIrrpGq
e´wpαqpαpfq
››››››
L8pGq
ď
ÿ
αPIrrpGq
nαe
´wpαq }pαpfq}L2pGq ď
a
Cw }f}L2pGq .
(2) Let peiqi be a contractive approximate identity in L1pGq and then we may assume
ei P PolpGq for all i. Then we have
C ě C ››ei››
L1pGq
ě x
ÿ
αPIrrpGq
e´2wpαqpαppeiq˚q, eiyL8pGq,L1pGq
“
ÿ
αPIrrpGq
e´2wpαqnαtrpeipαqpeipαqq˚q.
Hence, by taking limit as iÑ8, we obtain
ÿ
αPIrrpGq
e´2wpαqn2α ď C.

Corollary 3.3. LetG be a compact matrix quantum group of Kac type whose dual satisfies
bk À p1 ` kqγ and pTtqtą0 be a standard semigroup whose infinitesimal generator L
satisfies
(3.9) Lpuαi,jq “ ´lpαquαi,j and lpαq „ |α|.
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Then there exists a constantK “ Kpsq ą 0 such that
(3.10)
››e´tTtpfq››L8pGq ď K }f}L2pGqts for all f P L2pGq and t ą 0
if s ě γ
2
. Moreover, the converse holds if bk « p1` kqγ .
Proof. (1) Let us assume s ě γ
2
. Then, thanks to Theorem 3.2, it is sufficient to show
that
(3.11) sup
0ătă8
$&%t2s ÿ
αPIrrpGq
n2α
e2tp1`lpαqq
,.- ă 8.
Since there exists a constant C ą 0 such that 1` lpαq ě Cp1` |α|q, we have
(3.12)
ÿ
αPIrrpGq
n2α
e2tp1`lpαqq
ď
ÿ
αPIrrpGq
n2α
e2tCp1`|α|q
.
Therefore, it is enough to prove that
(3.13) sup
0ătă8
$&%t2s ÿ
αPIrrpGq
n2α
e2tp1`|α|q
,.- ă 8.
Note thatÿ
αPIrrpGq
n2α
e2tp1`|α|q
“ lim
nÑ8
nÿ
k“0
sk
e2tp1`kq
“ lim
nÑ8
#
bne
´2tp1`nq `
n´1ÿ
k“0
bkpe´2tp1`kq ´ e´2tp2`kqq
+
ď
8ÿ
k“0
bk ¨ 2te´2tp1`kq À t
8ÿ
k“0
p1` kqγe´2tp1`kq.
Since x ÞÑ x2s`2e´2x has an upper bound C 1 “ C 1psq on r0,8q, we have
t2s`1p1 ` kqγ`2
e2tp1`kq
ď 4
γ
¨ t
2s`2p1` kq2s`2
e2tp1`kq
ď 4C
1
γ
for any t ě γ
4
.
Therefore, sup
γ
4
ďtă8
#
t2s`1
8ÿ
k“0
p1` kqγe´2tp1`kq
+
ď
8ÿ
k“0
4C 1
γp1` kq2 ă 8.
From now on, let us handle the case 0 ă t ă γ
4
. Since the function fpxq “
xγe´2x is
$&% increasing if x ă
γ
2
decreasing if x ą γ
2
, we have
tγ`1
8ÿ
k“0
p1` kqγe´2tp1`kq ď t
¨˝ ÿ
k:p1`kqtă γ
2
`
ÿ
k:p1`kqtě γ
2
‚˛”p1` kqγtγe´2tp1`kqı
ď trp γ
2e
qγ ¨ γ
2t
`
ż 8
γ
2t
´2
p1 ` xqγtγe´2tp1`xqdxs
“ trp γ
2e
qγ ¨ γ
2t
`
ż 8
γ
2
´t
yγe´2ypdy
t
qs “ p γ
2e
qγ ¨ γ
2
`
ż 8
γ
2
´t
yγe´2ydy.
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Hence, we have
sup
0ătă γ
4
#
t2s`1
8ÿ
k“0
p1` kqγe´2tp1`kq
+
ď pγ
4
q2s´γ sup
0ătă γ
4
#
tγ`1
8ÿ
k“0
p1` kqγe´2tp1`kq
+
ď pγ
4
q2s´γrp γ
2e
qγ ¨ γ
2
`
ż 8
γ
4
yγe´2ydys ă 8.
(2) Conversely, let us assume bk « p1` kqγ and (3.10) hold. Then
(3.14)
››e´tTtpfq››L8pGq ď K222s }f}L1pGqt2s ,
so that Theorem 3.2 (2) tells us that
(3.15) sup
0ătă8
$&%t2s ÿ
αPIrrpGq
n2α
etp1`|α|q
,.- ď K222s ă 8
Then, as in the proof of the if part, we have
K222s ě t2s
8ÿ
k“0
sk
etp1`kq
“ t2s
8ÿ
k“0
bkpe´tp1`kq ´ e´tp2`kqq
Á t2s`1
8ÿ
k“0
p1 ` kqγe´tp2`kq
“ t2s´γ`1e´t
8ÿ
k“0
p1` kqγtγe´tp1`kq
ě t2s´γ`1e´t
ÿ
k:p1`kqtăγ
p1 ` kqγtγe´tp1`kq.
Since the function x ÞÑ xγe´x is increasing in r0, γs, we have
K222s Á t2s´γ`1e´t
ż γ
t
´1
0
p1` xqγ tγe´tp1`xqdx
“ t2s´γe´t
ż γ
t
yγe´ydy.
By taking tÑ 0`, we obtain lim
tÑ0`
t2s´γ ă 8, so that 2s ě γ.

Therefore, thanks to Theorem 3.1, we obtain the following sharp Sobolev embedding
property:
Corollary 3.4. LetG be a compact matrix quantum group of Kac type whose dual satisfies
bk « p1`kqγ and let pTtqtą0 be a standard noncommutative semigroup whose infinitesimal
generator L satisfies
(3.16) Lpuαi,jq “ ´lpαquαi,j and lpαq „ |α|.
Then the following are equivalent:
(1) For any 1 ă p ď 2 there exists a constantK “ Kppq ą 0 such that
(3.17)
¨˝ ÿ
αPIrrpGq
nα
p1` |α|qsp 2p´1q
››› pfpαq›››2
HS
‚˛12 ď K }f}LppGq for all f P LppGq
(2) There exist 1 ă p ď 2 and a constantK ą 0 such that
(3.18)
¨˝ ÿ
αPIrrpGq
nα
p1` |α|qsp 2p´1q
››› pfpαq›››2
HS
‚˛12 ď K }f}LppGq for all f P LppGq
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(3) s ě γ.
Example 2. For connected compact Lie groupsG and the Poisson semigroup pe´tp´∆q
1
2 qtą0,
the corresponding Sobolev embedding properties are as follows: For any 1 ă p ă q ă 8
there exists a constantK “ Kpp, qq ą 0 such that
(3.19)
›››p1` p´∆q 12 q´np 1p´ 1q qpfq›››
LqpGq
ď K }f}LppGq for all f P LppGq
where n is the real dimension of G and∆ is the Laplacian operator.
3.2. Under the growth rate of spheres. In this section, we provide one more sufficient
condition for which inequalities (3.1) are sharp without the existence of a standard non-
commutative semigroup. The main ingredient is additional information on lower bounds
of the growth rate of k-spheres. Indeed, for a compact matrix quantum groupG, Corollary
3.6 tells us that inequalities (3.1) are sharp if its discrete dual pG satisfies
(3.20) bk À p1` kqγ and sk Á p1` kqγ´1.
Let us begin with looking at L2 Ñ L4 case, which is the dual of L 43 Ñ L2 case. The
following theorem is motivated by the proof of [You18c, Theorem 4.5.2], which is for duals
of polynomially growing discrete groups.
Theorem 3.5. Let G be a compact matrix quantum group of Kac type whose dual satisfies
(3.21) bk À p1` kqγ1 and sk Á p1 ` kqγ2´1 with γ1, γ2 ě 1.
Also, suppose that there exists a constantK ą 0 such that
(3.22)
››››››
ÿ
αPIrrpGq
wp|α|qnαtrp pfpαquαq
››››››
L4pGq
ď K }f}L2pGq for all f P L2pGq
where w : t0u Y NÑ p0,8q is a decreasing function. Then we have
(3.23) lim sup
mÑ8
!
p1`mq 3γ2´2γ14 wpmq
)
ă 8.
Proof. For a given f P L2pGq, we denote by Twpfq „
ÿ
αPIrrpGq
wp|α|qnαtrp pfpαquαq and
take ξm “ 1?
bm
ÿ
αPBm
nαχα. Then
1 “ }ξm}L2pGq }ξm}L2pGq Á }Twpξmq}L4pGq }Twpξmq}L4pGq
ě }TwpξmqTwpξmq}L2pGq
and
}TwpξmqTwpξmq}2L2pGq “
››››› ÿ
α1,α2PBm
1
bm
wp|α1|qwp|α2|qnα1nα2χα1χα2
›››››
2
L2pGq
“ 1
b2m
ÿ
σPIrrpGq
ˇˇˇˇ
ˇhp ÿ
α1,α2PBm
wp|α1|qwp|α2|qnα1nα2χα1χα2χ˚σq
ˇˇˇˇ
ˇ
2
“ 1
b2m
ÿ
σPIrrpGq
ˇˇˇˇ
ˇ ÿ
α1,α2PBm
wp|α1|qwp|α2|qnα1nα2δα2Ďσ J α1
ˇˇˇˇ
ˇ
2
.
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Then since the sequence pwpkqqkě0 is decreasing,
ě wpmq
4
b2m
mÿ
k“0
ÿ
σ:|σ|“k
ˇˇˇˇ
ˇ ÿ
α1,α2PBm
nα1nα2δα2Ďσ J α1
ˇˇˇˇ
ˇ
2
ě wpmq
4
b2m
mÿ
k“0
ÿ
σ:|σ|“k
ˇˇˇˇ
ˇˇ ÿ
α1PBm´k
nα1
ÿ
α2Ďσ J α1
nα2
ˇˇˇˇ
ˇˇ
2
“ wpmq
4
b2m
mÿ
k“0
ÿ
σ:|σ|“k
ˇˇˇˇ
ˇˇ ÿ
α1PBm´k
n2α1nσ
ˇˇˇˇ
ˇˇ
2
“ wpmq
4
b2m
mÿ
k“0
ÿ
σ:|σ|“k
b2m´kn
2
σ
“ wpmq
4
b2m
mÿ
k“0
b2m´ksk Á
wpmq4
b2m
mÿ
k“0
pm´ kq2γ2kγ2´1
for anym P N. Hence, we obtain
lim inf
mÑ8
b2m
m3γ2wpmq4 Á limmÑ8
mÿ
k“1
p1´ k
m
q2γ2p k
m
qγ2´1 1
m
“
ż 1
0
p1 ´ xq2γ2xγ2´1dx ą 0,
so that lim sup
mÑ8
m3γ2´2γ1wpmq4 ă 8.

Corollary 3.6. LetG be a compact matrix quantum group of Kac type whose dual satisfies
(3.24) bk À p1` kqγ and sk Á p1` kqγ´1.
Then the following are equivalent:
(1) For any 1 ă p ď 2, we have
(3.25)
¨˝ ÿ
αPIrrpGq
nα
p1 ` |α|qsp 2p´1q
››› pfpαq›››2
HS
‚˛12 À }f}LppGq for all f P LppGq.
(2) For some 1 ă p ď 2, we have
(3.26)
¨˝ ÿ
αPIrrpGq
nα
p1 ` |α|qsp 2p´1q
››› pfpαq›››2
HS
‚˛12 À }f}LppGq for all f P LppGq.
(3) s ě γ.
Proof. (3) ñ (1) ñ (2) is clear from the inequality (3.1). Let us prove (2) ñ (3). In the
case 1 ă p ď 4
3
, then the Fourier transform F : f ÞÑ pf satisfies
(3.27) }F}LppGqÑℓ2ptHαuαPIrrpGq,µq , }F}L2pGqÑℓ2ppGq ă 8
where µpαq “ p1` |α|q´sp 2p´1q. Then, due to equality (2) in [RX11] or (2.17), we have
(3.28) pℓ2ptHαuαPIrrpGq , µq, ℓ2ppGqq1´θ “ ℓ2ptHαuαPIrrpGq , µθq for all 0 ă θ ă 1.
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Therefore, we have }F}
L
4
3 pGqÑℓ2ptHαuαPIrrpGq,µ
p
2p2´pq q
ă 8 at θ “ p
2p2´ pq pô
θ
p
`
1´ θ
2
“ 3
4
q, i.e.
(3.29)
¨˝ ÿ
αPIrrpGq
nα
p1 ` |α|q s2
››› pfpαq›››2
HS
‚˛12 À }f}
L
4
3 pGq .
Then the dual statement is
(3.30)
››››››
ÿ
αPIrrpGq
nα
p1` |α|q s4 trp
pfpαquαq
››››››
L4pGq
À }f}L2pGq
and we obtain s ě γ from Theorem 3.5.
In the case
4
3
ă p ă 2, let us choose p0 P p1, 4
3
q. Then by the inequality (3.1) and the
given assumption, we have
(3.31) }F}Lp0pGqÑℓ2ptHαuαPIrrpGq,µrq , }F}LppGqÑℓ2ptHαuαPIrrpGq,µq ă 8,
where r “
γp 2
p0
´ 1q
sp 2
p
´ 1q . Then }F}L 43 pGqÑℓ2ptHαuαPIrrpGq,µrθ`p1´θqq ă 8 for θ P p0, 1q
satisfying
θ
p0
` 1´ θ
p
“ 3
4
by (2.17) and the dual argument shows
(3.32)
››››››
ÿ
αPIrrpGq
nα
p1` |α|qsp 1p´ 12 q¨prθ`p1´θqq
trp pfpαquαq
››››››
L4pGq
À }f}L2pGq .
Then it is easy to check that
sp1
p
´ 1
2
q ¨ prθ ` 1´ θq “ γp 1
p0
´ 1
2
qθ ` sp1
p
´ 1
2
q ¨ p1´ θq
“ ps´ γqp1
p
´ 1
2
qp1´ θq ` γ ¨ rp 1
p0
´ 1
2
qθ ` p1
p
´ 1
2
qp1 ´ θqs
“ ps´ γqp1
p
´ 1
2
qp1´ θq ` γp3
4
´ 1
2
q
“ ps´ γqp 1
p0
´ 1
2
qp1´ θq ` γ
4
and Theorem 3.5 asserts that ps´ γqp 1
p0
´ 1
2
qp1´ θq ` γ
4
ě γ
4
. Hence, we can conclude
that s ě γ. 
Example 3. (1) For any 1 ă p ď 2 sharp Sobolev embedding properties on duals of
polynomially growing discrete groups are
(3.33)
˜ÿ
gPΓ
|fpgq|2
p1` kqγp 2p´1q
¸ 1
2
À }λpfq}
LpppΓq ,
where λpfq „
ÿ
gPΓ
fpgqλg P LpppΓq and γ is the polynomial growth order of Γ. For
growth rates of k-spheres, see [BLD13, Corollary 11].
(2) For any 1 ă p ď 2 sharp Sobolev embedding properties on O`2 or S`4 are
(3.34)
˜ÿ
kě0
nk
p1` kq3p 2p´1q
››› pfpkq›››2
HS
¸ 1
2
À }f}LppGq .
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4. SOBOLEV EMBEDDING PROPERTIES UNDER THE RAPID DECAY PROPERTY
Arguably, the most important examples of compact quantum groups are duals of free
groups xFN and free quantum groups such as O`N`1, S`N`3, Since their discrete duals are
exponentially growing if N ě 2, the results from Section 3 are not applicable.
The compact quantum groups xFN , O`N`1, S`N`3 with N ě 2 have unique natures in
view of analysis. Those are not co-amenable, the underlying C˚-algebras are non-nuclear,
etc. One notable known result [You18a, Theorem 3.2] is that Hausdorff-Young inequalities
can be improved in the case of free orthogonal quantum groupsO`N with N ě 3.
The aim of this Section is
‚ (Theorem 4.1) to generalize the proof of [You18a, Theorem 3.2] to general com-
pact quantum groups whose duals have the rapid decay property and
‚ (Theorem 4.5) to combine Theorem 4.5 and [You18b, Corollary 3.9] to establish
Sobolev embedding properties under the rapid decay property.
4.1. Sharpened Hausdorff-Young inequalities. For general compact quantum groups,
the Hausdorff-Young inequalities state that the Fourier transform F : LppGq Ñ ℓp1ppGq is
contractive for all 1 ď p ď 2. Moreover, boundedness of a multiplier
(4.1) Fw : L
ppGq Ñ ℓp1ppGq, f ÞÑ pwpαq pf pαqqαPIrrpGq,
implies boundedness of the sequence w “ pwpαqqαPIrrpGq if G is one of the compact
quantum groups listed below:
‚ connected semisimple compact Lie groups
‚ duals of discrete groups Γ
‚ free orthogonal quantum groupO`2
‚ quantum SUp2q group
The above observation is motivated by [You18a, Section 4] and boundedness of w can
be explained by [GT80, Main theorem], families of matrix elements tλgugPΓ,
 
un0,0
(
ně0
and
 
unn,n
(
ně0 respectively with respect to canonical choices of orthonormal bases.
Nevertheless, [You18a, Theorem 3.2] has established the existence of an unbounded
(exponentially) increasing sequence for the case of O`N with N ě 3, and we will adapt
the proof of [You18a, Theorem 3.2] to general compact matrix quantum groups under the
rapid decay property.
Theorem 4.1 (A sharpenedHausdorff-Young inequality). LetG be a compact matrix quan-
tum group of Kac type whose dual pG has the rapid decay property with rk À p1 ` kqβ .
Then for any 1 ă p ď 2 we have
(4.2)
˜ÿ
kě0
1
p1` kqβpp1´2q p
ÿ
αPSk
nα
››› pfpαq›››2
S2nα
q p
1
2
¸ 1
p1
À }f}LppGq for all f P LppGq.
Proof. First of all, [You18b, Proposition 3.7] states that a linear map
(4.3) Φ : L1pGq Ñ ℓ8 ´ ptHkukě0q, f ÞÑ
à
kě0
ˆ
1
p1` kqβ
pfpαq˙
αPSk
is bounded and the Plancherel identity can be interpreted as that
(4.4) Φ : L2pGq Ñ ℓ2 ´ ptHkukě0 , µq
is an isometry where µpkq “ p1` kq2β . Since
(4.5) pℓ8 ´ ptHkukě0q, ℓ2 ´ ptHkukě0 , µqqθ “ ℓq ´ ptHkukě0 , µq
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where
1´ θ
8 `
θ
2
“ 1
q
with 0 ă θ ă 1 [Xu96], the resulting inequality at θ “ 2
p1
is
(4.6)
˜ÿ
kě0
1
p1` kqβpp1´2q p
ÿ
αPSk
nα
››› pfpαq›››2
S2nα
q p
1
2
¸ 1
p1
À }f}LppGq
for all 1 ă p ď 2.

Remark 4.2. The above Theorem 4.1 is sharp for G “ xFN , O`N`1 or S`N`3 with N ě 2
by Corollary 6.3.
Corollary 4.3. Under the same assuption of Theorem 4.1, for any 1 ă p ď 2, we have
(4.7)
¨˝ ÿ
αPIrrpGq
n
p1
2
´1
α
p1 ` |α|qβpp1´2q ¨ nα
››› pfpαq›››p1
S
p1
nα
‚˛1p1 À }f}LppGq for all f P LppGq
Proof. It is enough to note that
ÿ
αPSk
n
p1
2
α }Apαq}p
1
S2nα
ď p
ÿ
αPSk
nα }Apαq}2S2nα q
p1
2 and }A}
S
p1
n
ď
}A}S2n . 
Remark 4.4. In view of Corollary 4.3, if sup
αPIrrpGq
nα
p1` |α|q2β “ 8, we are able to find an
unbounded sequence w “ pwpαqqαPIrrpGq such that
(4.8) LppGq Ñ ℓp1ppGq, f ÞÑ pwpαq pf pαqqαPIrrpGq, is bounded.
This happens when G is one of the following:
‚ Free orthogonal quantum groupsO`N with N ě 3;
‚ Free unitary quantum groups U`N with N ě 3;
‚ Quantum automorphism group GautpB,ψq with a δ-trace ψ and dimpBq ě 5.
4.2. Sobolev embedding properties under the rapid decay property. In this section, we
will present Sobolev embedding properties under the rapid decay property by interpolating
Theorem 4.1 and Hardy-Littlewood inequalities [You18b, Theorem 3.8].
Theorem 4.5. Let G be a compact matrix quantum group of Kac type whose dual pG has
the rapid decay property with rk À p1` kqβ . Then for any 1 ă p ď 2 we have
(4.9)
¨˝ ÿ
αPIrrpGq
nα
p1` |α|qp2β`1qp 2p´1q
››› pfpαq›››2
HS
‚˛12 À }f}LppGq for all f P LppGq.
Proof. By [You18b, Corollary 3.9] and Theorem 4.1, the Fourier transform F : f ÞÑ pf
satisfies
(4.10) }F}LppGqÑℓp´ptHkukě0,µ0q , }F}LppGqÑℓp1´ptHkukě0,µ1q ă 8
where µ0pkq “ p1` kq´pβ`1qp2´pq and µ1pkq “ p1` kq´βpp1´2q. Hence, pµ
1
p
0 µ
1
p1
1 qpkq “
p1` kq´p2β`1qp 2p´1q, so that we reach a conclusion. 
Corollary 4.6. Let s ě 2β ` 1 and G be a compact matrix quantum group of Kac type
whose dual has the rapid decay property with rk À p1 ` kqβ . Suppose that there exists a
standard non-commutative semigroup pTtqtą0 whose infinitesimal generator L satisfies
(4.11) Lpuαi,jq “ ´lpαquαi,j and lpαq „ |α|.
Then for any 1 ă p ă q ă 8 we have
(4.12)
›››p1´ Lq´sp 1p´ 1q qpfq›››
LqpGq
À }f}LppGq for all f P LppGq.
15
Proof. It is enough to note that
(4.13)
¨˝ ÿ
αPIrrpGq
nα
p1 ` |α|qsp 2p´1q
››› pfpαq›››2
HS
‚˛12 « ›››p1´ Lq´sp 1p´ 12 qpfq›››
L2pGq
.
Then Theorem 4.5 and Theorem 3.1 complete the proof.

5. RAPID DECAY DEGREE OF DISCRETE QUANTUM GROUPS
The rapid decay degree, which was suggested in [Nic10], is a way to quantify the rapid
decay property of a discrete group, and the notion naturally extends to the framework of
duals of compact matrix quantum groups of Kac type. A natural way is to define the degree
of rapid decay property rdppGq as the infimum of positive numbers s ě 0 satisfying
(5.1) }f}L8pGq À
¨˝ ÿ
αPIrrpGq
p1` |α|q2snα
››› pfpαq›››2
HS
‚˛12 for all f P PolpGq.
Note that this definition is independent of the choice of a generating unitary representation.
For discrete groups, it has turned out that rdpΓq “ γ
2
for any finitely generated discrete
group Γ with the polynomial growth order γ [Nic10] and that rdpΓq “ 3
2
for any non-
elementary hyperbolic groups [Nic17].
As quantum analogues of the above results, we aim to compute the rapid decay degree of
polynomially growing discrete quantum groups and duals of free quantum groupsyO`N , xS`N .
By theorem 3.2, we are already ready to extend [Nic10, Proposition 2.2 (2)].
Proposition 5.1. Let G be a compact matrix quantum group of Kac type whose dual satis-
fies bk « p1` kqγ . Then
(5.2)
››››››
ÿ
αPIrrpGq
nα
p1` |α|qs trp
pfpαquαq
››››››
L8pGq
À }f}L2pGq for all f P L2pGq
if and only if s ą γ
2
. In particular, rdppGq “ γ
2
.
Proof. First of all, we take a positive functionwpαq “ logpp1`|α|qsqwith s ą γ
2
to apply
Theorem 3.2 (1). Then
Cw “
ÿ
αPIrrpGq
n2α
p1` |α|q2s
“ lim
nÑ8
bn
p1` nq2s `
8ÿ
k“0
bk
ˆ
1
p1` kq2s ´
1
p2 ` kq2s
˙
À
8ÿ
k“0
p1` kqγ´p2s`1q ă 8.
On the other hand, if we assume the following inequality
(5.3)
››››››
ÿ
αPIrrpGq
nα
p1` |α|qs trp
pfpαquαq
››››››
L8pGq
À }f}L2pGq ,
then Theorem 3.2 (2) implies
8ÿ
k“0
p2 ` kqγ´p2s`1q À
ÿ
αPIrrpGq
n2α
p1 ` |α|q2s ă 8 as in the
above. Therefore, s ą γ
2
. 
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In the case that pG is exponentially growing, the following approach is valid under the
rapid decay property. The proof relies on standard arguments that have been already used
in [Nic10, Bra12, JPPP17, FHL`17].
Proposition 5.2. Let G be a compact matrix quantum group of Kac type whose dual has
the rapid decay property with rk À p1 ` kqβ and let w : t0u Y N Ñ p0,8q be a positive
function such that Cw “
ÿ
kě0
p1` kq2β
e2wpkq
ă 8. Then we have
(5.4)
››››››
ÿ
αPIrrpGq
nα
ewp|α|q
trp pfpαquαq
››››››
L8pGq
ď
a
Cw }f}L2pGq for all f P L2pGq.
In particular, for any s ą β ` 1
2
we have
(5.5)
››››››
ÿ
αPIrrpGq
nα
p1` |α|qs trp
pfpαquαq
››››››
L8pGq
À }f}L2pGq for all f P L2pGq.
Proof. It is enough to see that for any f P PolpGq››››››
ÿ
αPIrrpGq
nα
ewp|α|q
trp pfpαquαq
››››››
L8pGq
ď
ÿ
kě0
}pkpfq}L8pGq
ewp|α|q
À
ÿ
kě0
p1` kqβ }pkpfq}L2pGq
ewp|α|q
ď
˜ÿ
kě0
p1` kq2β
e2wp|α|q
¸ 1
2
}f}L2pGq .

From now on, let us try to detect the rapid decay degree of duals of free quantum groups.
Theorem 5.3. Let G be a compact matrix quantum group of Kac type and w : t0u YNÑ
p0,8q be a positive function. If we suppose that
(5.6)
››››››
ÿ
αPIrrpGq
nα
ewp|α|q
trp pfpαquαq
››››››
L8pGq
ď C }f}L2pGq for all f P L2pGq,
then there exists a universal constantK ą 0 such that
ÿ
kě0
p1` kq2
e2wpkq
ď KC2 if G is one of
the following:
‚ duals of non-elementary hyperbolic broups;
‚ free orthogonal quantum groupsO`N with N ě 2;
‚ free permutation quantum groups S`N with N ě 4.
Proof. First of all, let Γ be a non-elementary hyperbolic group and σk “
ÿ
gPSk
λg . Then for
any positive sequence pakqkě0 the main theorem in [Nic17] states that
(5.7)
›››››ÿ
kě0
ak?
sk
σk
›››››
L8ppΓq
«
ÿ
kě0
pk ` 1qak.
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Therefore, from the given assumption, we have
Cp
ÿ
kě0
a2kq
1
2 “ C
›››››ÿ
kě0
ak?
sk
σk
›››››
L2ppΓq
ě
›››››ÿ
kě0
ake
´wpkq
?
sk
σk
›››››
L8ppΓq
«
ÿ
kě0
akpk ` 1qe´wpkq.
Since pakqkě0 is arbitrary, we have
ÿ
kě0
pk ` 1q2e´2wpkq À C2.
Secondly, let G be O`N (resp. S
`
N`2) with N ě 2. Then for the associated compact Lie
group SUp2q (resp. SOp3q), [You18b, Lemma 4.7] states that for any 1 ď p ď 8 and any
f „
ÿ
kě0
akχk, we have }f}LppGq “
››› rf›››
LppSUp2qq presp. LppSOp3qqq
where rf „ ÿ
kě0
akĂχk
andĂχk is the k-th character of SUp2q (resp. SOp3q). Also, note that there exists the Poisson
semigroup pµtqtą0 Ď L1pSUp2qq (resp. L1pSOp3qq) satisfying µt „
ÿ
kě0
e´tκ
1
2
k pk` 1qĂχk
(resp. µt „
ÿ
kě0
e´tκ
1
2
k p2k ` 1qĂχk).
Now, from the given assumption and [You18b, Lemma 6.3 (2)], we haveÿ
kě0
e´tκ
1
2
k e´2wpkqp1` kq2 «
›››››ÿ
kě0
e´tκ
1
2
k e´2wpkqp1` kqĂχk
›››››
L8pSUp2qq presp.L8pSOp3qqq
“
›››››ÿ
kě0
e´tκ
1
2
k e´2wpkqp1` kqχk
›››››
L8pGq
ď C
›››››ÿ
kě0
e´tκ
1
2
k e´wpkqp1` kqχk
›››››
L2pGq
ď C2 } rµt}L1pGq “ C2 }µt}L1pSUp2qq presp.L1pSOp3qqq “ C2
Lastly, by taking the limit tÑ 0`, we get
ÿ
kě0
e´2wpkqp1 ` kq2 ď KC2 for a universal
constantK ą 0. 
By combining Proposition 5.2 and Theorem 5.3, we can compute the rapid decay de-
grees ofyO`N and xS`N .
Corollary 5.4. Let G be O`N or S
`
N`2 with N ě 2 and s ě 0. Then
(5.8)
›››››ÿ
kě0
nk
p1` kqs trp
pfpkqukq›››››
L8pGq
À }f}L2pGq for all f P L2pGq
if and only if s ą 3
2
. In particular, rdppGq “ 3
2
.
Proof. It is sufficient to see the only if part. By Theorem 5.3, the given assumption impliesÿ
kě0
1
p1` kq2s´2 ă 8, so that s ą
3
2
. 
6. SHARP SOBOLEV EMBEDDING PROPERTIES FOR xFN , O`N , S`N
Throughout this section, we will present sharp Sobolev embedding properties for duals
of free groups and free quantum groupsO`N , S
`
N . In each case, the standard noncommuta-
tive semigroups TFt , T
O
t , T
S
t introduced in Example 1 will replace the role of Poisson or
heat semigroups in each case.
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We begin with the following computational lemma.
Lemma 6.1. (1) For any t ą 0,
(6.1)
ÿ
kě0
p1` kq2
e2tp1`kq
“ e´2tp1´ e´2tq´3p1 ` e´2tq.
(2) If ak „ k, then sup
0ătă8
#
ts
ÿ
kě0
p1 ` kq2
e2tp1`akq
+
ă 8 holds if and only if s ě 3.
Proof. (2) Set fptq “
ÿ
kě0
p1` kq2
e2tp1`kq
and gptq “
ÿ
kě0
p1` kq2
e2tp1`akq
. Since there existD1, D2 ą
0 such thatD1 ¨ p1 ` kq ď 1` ak ď D2 ¨ p1` kq, we have
(6.2) fpD2tq ď gptq ď fpD1tq.
Thus, it is enough to show that sup
0ătă8
ttsfptqu ă 8 if and only if s ě 3. Due to the
explicit form (6.1) of fptq, we have lim
tÑ0`
t3fptq “ 1
4
and lim
tÑ8
txfptq “ 0 for any x ě 0,
which give us the conclusion. 
Now, we are ready to compute the optimal order of the ultracontractivity of St “
pe´tTtqtą0.
Corollary 6.2. (1) Let G “ xFN with N ě 2 and Tt “ TFt . Then there exists a
universal constantK ą 0 such that
(6.3) }Stpλpfqq}V NpFN q ď
K }f}ℓ2pFN q
t
s
2
for all f P ℓ2pFN q and t ą 0
if and only if s ě 3.
(2) Let N ě 3, G “ O`N (resp. S`N`2) and Tt “ TOt (resp. T St ). Then there exists a
universal constantK ą 0 such that
(6.4) }Stpfq}L8pGq ď
K }f}L2pGq
t
s
2
for all f P L2pGq and t ą 0
if and only if s ě 3.
Proof. Recall that, in the case of (2), Tt : u
k
i,j ÞÑ e´tckuki,j with ck „ k.
Now, in all cases, if we suppose s ě 3, then
Cw “
ÿ
kě0
p1 ` kq2
e2tp1`kq
presp.
ÿ
kě0
p1` kq2
e2tp1`ckq
q À 1
ts
by Lemma 6.1 (2), so Proposition 5.2 is applicable.
Conversely, from the assumed inequalities, we obtainÿ
kě0
p1` kq2
e2tp1`kq
presp.
ÿ
kě0
p1` kq2
e2tp1`ckq
q À 1
ts
by Theorem 5.3, so Lemma 6.1 (2) tells us s ě 3. 
Finally, since we have sharp ultracontractivity properties of St “ pe´tTtqtą0 (Corollary
6.2), we reach the following sharp Sobolev embedding properties for xFN , O`N and S`N by
Theorem 3.1.
Example 4. (1) LetN ě 2 and 1 ă p ă q ă 8. Then
(6.5)
››››› ÿ
gPFN
fpgq
p1` |g|q3p 1p´ 1q q
λg
›››››
LqpyFN q
À }λpfq}
LppyFNq
for all λpfq „
ÿ
gPFN
fpgqλg P LppxFN q.
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(2) Let G “ O`N or S`N`2 with N ě 3 and 1 ă p ď 2. Then
(6.6)
˜ÿ
kě0
nk
p1` kq3p 2p´1q
››› pfpkq›››2
HS
¸ 1
2
À }f}LppGq for all f P LppGq.
The above results are applicable to show the following:
‚ Hardy-Littlewood inequalities on xFN [You18b, Theorem 4.4] are sharp;
‚ Theorem 4.1 for xFN and O`N`1, S`N`3 with N ě 2 are sharp.
Corollary 6.3. (1) LetN ě 2 and 1 ă p ď 2. Then
(6.7)
¨˚
˝ÿ
kě0
1
p1` kqs
¨˝ ÿ
gPFN :|g|“k
|fpgq|2‚˛
p
2 ‹˛‚
1
p
À }λpfq}
LppyFN q
for all λpfq „
ÿ
gPFN
fpgqλg P LppxFN q if and only if s ě 4´ 2p.
(2) Let 1 ă p ď 2 and G be xFN , O`N`1 or S`N`3 with N ě 2. Then
(6.8)
¨˚
˝ÿ
kě0
1
p1` kqs
˜ ÿ
αPSk
nα
››› pfpαq›››2
HS
¸ p1
2 ‹˛‚
1
p1
À }f}LppGq
for all f P LppGq if and only if s ě p1 ´ 2.
Proof. In both cases, it is sufficient to show the only if parts.
(1) From the assumption and Theorem 4.1, we know that the Fourier transform F
satisfies
}F}
LppyFN qÑℓpptHkukě0,µ0q , }F}LppyFN qÑℓp1 ptHkukě0,µ1q ă 8
where µ0pkq “ p1 ` kq´s and µ1pkq “ p1` kq2´p1 . By (2.16), we have
}F}
LppyFN qÑℓ2ptHkukě0,µq ă 8 with µpkq “ p1` kq´
s
p
` 2
p1
´1
and Example 4 (1) tells us that
s
p
´ 2
p1
` 1 ě 3p2
p
´ 1q (ô s ě 4´ 2p).
(2) [You18b, Corollary 3.9] and the given assumption tell us that
}F}LppGqÑℓpptHkukě0,µ0q , }F}LppGqÑℓp1 ptHkukě0,µ1q ă 8
where µ0pkq “ p1 ` kq2p´4 and µ1pkq “ p1` kq´s. By (2.16), we have
}F}LppGqÑℓ2ptHkukě0,µq ă 8 with µpkq “ p1 ` kq
2´ 4
p
´ s
p1
and Example 4 tells us that ´2` 4
p
` s
p1
ě 3p2
p
´ 1q (ô s ě p1 ´ 2).
Remark 6.4. The proof of Corollary 6.3 (1) is available forO`N and S
`
N`2 with N ě 3 by
similar arguments. This partially reconfirms sharpness of [You18b, Theorem 4.5 (2)].

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